Abstract. The virtual cohomology of an orbifold is a ring structure on the cohomology of the inertia orbifold whose product is defined via the pull-push formalism and the Euler class of the excess intersection bundle. In this paper we calculate the virtual cohomology of a large family of orbifolds, including the symmetric product.
Introduction
It was noticed in [LUXa] that the ring structure defined in the homology of the loop space of the symmetric product orbifold (see [LUXb] ) induces a ring structure on the cohomology of the inertia orbifold, by restricting the structure to the constant loops. This led the authors of [LUXa] to define a ring structure on the inertia orbifold of any orbifold that the authors coined virtual cohomology. This cohomology is defined via the pull-push formalism in as much as the same way that the Chen-Ruan product for orbifolds is defined (see [CR04, FG03] ). In [GLS + ] it was clarified the relation between the virtual and the Chen-Ruan cohomology, namely, that for an almost complex orbifold, its virtual cohomology is isomorphic to the Chen-Ruan cohomology of its cotangent orbifold.
In this paper we give an algorithm to calculate the virtual cohomology of a large family of orbifolds. We first show that for any orbifold [Y /G], its virtual cohomology maps to the group ring H * (Y ) [G] , and therefore, when this map is injective we can see the virtual cohomology as a subring of the group ring. This for example is the case when the inclusion of the fixed point sets Y g → Y induce a monomorphism in homology. We calculate the virtual cohomology of these orbifolds by describing a set of generators in the group ring. In the case of the symmetric product we reduce the set of generators to the lower degree cohomology classes of the fixed point sets of the transpositions. This paper was motivated by the master thesis of the first author [Riv] where the virtual cohomology of the symmetric product of spheres was calculated. Last, we would like to thank conversations with A. Cardona, E. Lupercio and M. Xicotencatl.
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Virtual Cohomology
Let [Y /G] be an orbifold with Y compact and closed, and G a finite group acting on Y . The inertia orbifold I[M/G] is defined as the orbifold
where Y g denotes the fixed point set of the element g and G acts in the following way:
From [LUXa] we know that the virtual intersection product defines a ring structure on the cohomology of the inertia orbifold I[Y /G], this ring is what the authors in [LUXa] have called virtual cohomology. Let's recall its definition.
Consider the groups
and for g, h ∈ G define the maps
) is the Euler class of the excess bundle of the inclusions [Qui71] ) and i gh! is the pushforward map in cohomology. In [LUXa] it was required the orbifold to be almost complex with a compatible G action, but for the product to be well defined it is only necessary that the Euler classes of the excess bundles to be of even degree. This can be achieved if for all g i ∈ G the fixed point sets
Definition 2.1. Let Y be a compact and closed manifold with the action of a finite group G such that for all g i ∈ G the fixed point sets Y g1,...,gn are even dimensional. Then, the group H * (Y, G) together with the ring structure
is what is called the virtual cohomology of the pair (Y, G); we will denote it by H
In what follows we will show how to calculate the virtual cohomology for a large family of orbifolds.
For all g ∈ G let f g : Y g → Y be the inclusion of manifolds and
be the pushforward in cohomology. Consider the group ring H * (Y ) [G] of the group G with coefficients in the ring H * (Y ), together with the G action defined by
Theorem 2.2. The inclusions f g : Y g → Y induce a ring homomorphism from the virtual cohomology to the group ring
Proof.
We only need to show the commutativity of the following diagram
Consider the diagram of inclusions
It was proven in [LUXa, Lemma 16 ] by an application of Quillen's excess intersection
which is what we wanted to prove.
Corollary 2.3. If the inclusion maps in homology f g * :
is an injective homomorphism of rings. Then the ring H * (Y, G) could be calculated as the subring f (H 
) are the Poincaré duality isomorphisms. It follows that the maps f g! are injective.
The above corollary will allow us to calculate the virtual cohomology of a large family of orbifolds, as in the following example.
Example 2.4. Consider the action of Z p on the complex projective space CP
where the elements of Z p are taken as p-th roots of unity. For i = 0 one has that the fixed point set of λ i is
and therefore the maps f λ i * are all injective. The pushforward of the inclusions are
and so
If we take a closer look at the virtual cohomology, we can see that its elements are truncated polynomials of maximum degree n, whose coefficients are elements in the group ring Z[Z p ] except for the constant term that it should be an integer, i.e. we have an isomorphism of rings
where the ring structure of the right hand side is given by multiplication of polynomials. Now, as the group Z p is abelian and its action can be factored through an action of S 1 , we have that
We have seen that for the case in which the homomorphisms f g * are injective, the virtual cohomology is isomorphic to the subring f (H * virt (Y, G)) of the group ring H * (Y ) [G] . In what follows we will find a set of generators for
be the set of elements of the group ring whose label is the identity 1 G of the group G.
Proposition 2.5. Suppose that all the homomorphisms f g * are injective and all the f * g are surjective. Denote by 1 g ∈ H 0 (Y g ) the identity of the ring H * (Y g ). Then the set
Proof. It is clear that W ⊂ f (H * virt (Y, G)); we need to prove that for any a ∈ H * (Y g ) the element (f g! a)g can be generated with elements in W . We know that the pullback f * g is surjective. Therefore there exists b ∈ H * (Y ) such that f * g b = a. By the module structure of the pushforward we have
)b which implies that in the group ring
In the case of example 2.4 the pullbacks f *
can be generated by the powers of (x)λ 0 and the positive powers of the elements (x)λ i .
Symmetric Product
It was shown in [LUXa] that for an even dimensional compact and closed manifold M , the virtual cohomology of the orbifold [M n /S n ] is a subring of the string homology of the loop orbifold of the symmetric product (see [LUXb] ).
In this section we will show a smaller set of generators than in the previous section for the virtual cohomology of the pair (M n , S n ). And for the people not so familiar with the tools of algebraic topology used in this paper, we will explicitly calculate some examples.
In what follows we will abuse of notation and we will talk indistinctively of the rings H * (M k ) and H * (M ) ⊗k , which are isomorphic via the Kunneth isomorphism. We know that the diagonal inclusion ∆ : M → M × M induces and injective homomorphism ∆ * : H * (M ) → H * (M × M ), and as ∆ * (a⊗ 1) = a we have that the pullback ∆ * is surjective. For τ ∈ S n the map f τ : (M n ) τ → M n is a composition of diagonal maps, so we have that f τ * is injective and that f * τ is surjective. We can therefore apply proposition 2.5 to the pair (M n , S n ) to get a set of generators. In what follows we will show that we can reduce the set of generators by only considering the transpositions.
Lemma 3.1. Let δ : M → M k be the diagonal inclusion and let
be the inclusion that repeats the i-th coordinate. Then in cohomology
Proof. We will proceed by induction on k. When k = 2 the formula is true because δ = σ 2 1 . Assume that we have shown the formula for k = n and let's try to show it for k = n + 1. Consider the following diagram of inclusions
6 n n n n n n n n n n n n n and using the properties of the pushfoward we have,
By the induction hypothesis the lemma follows.
If we take the cycle α = (k, k − 1, . . . , 2, 1) ∈ S n and the transpositions τ i = (i, i + 1) we have that f α! 1 = δ ! 1 and f τi! 1 = σ k i ! 1. By lemma 3.1 we can conclude that for the cycle α of size k which is the composition of k − 1 transpositions τ 1 . . . τ k−1 we have that
Therefore we can reduce the set of generators of the virtual cohomology of the pair (M n , S n ) by considering only the transpositions.
Proposition 3.2. The ring f (H * virt (M n , S n )) is generated by the set
Example 3.3. Let's consider the pair (M n , S n ) with M = CP m . We have that where u represents the element (∆ ! 1) then we can conclude that
where I is the ideal generated by 
